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We examine the scattering behavior from a single non magnetic impurity in a helical liquid. A 
helical liquid is a one dimensional system with a pair of counter propagating edge states, which are 
time reversal partners. In the absence of a magnetic field, time reversal symmetry is conserved and 
hence single particle scattering is prohibited. However, multi particle processes are possible. We 
examine the backscattering current and noise, and derive the effective scattering charge. A magnetic 
field enhances the backscattered current, but reduces the effective scattering charge. We find that 
the scattering charge can vary between e and 2e, depending on the strength of electron-electron 
interactions and the magnetic field. 
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I. INTRODUCTION 

A helical liquid is a topologically non trivial state of 
matter. It is a one dimensional (ID) system, with a pair 
of counter propagating edge states which are time re- 
versal partners. Helical liquids have been realized on the 
edge of quantum spin hall insulators, in HgTe/ (Hg,Cd)Te 
quantum wells 1-3 , and in InAs/GaSb Quantum Wells 4 . 
As long as time reversal symmetry is preserved, single 
particle backscattering (Fig. la), in which a left moving 
particle is scattered to a right moving particle (or the 
other way around), is prohibited. This endows topologi- 
cal stability to the edge states 5 . 

We will be interested in the dynamics of impurities 
embedded in the helical liquid. If we break time rever- 
sal symmetry at the impurity, which we will do using 
a weak magnetic field, single particle scattering will be 
enabled. The signature will be a backscattered current, 
which is the current reflected backward from the impu- 
rity, proportional to the magnetic field, with an effective 
scattering charge e. This process is characterized by the 
coefficient gs- 

However, even without a magnetic field, in the presence 
of electron-electron interaction, multi-particle scattering 
processes can occur and induce a backscattered current. 
These scatterings are inelastic, as more than one parti- 
cle is necessary in order to conserve energy. Since these 
are multi particle processes, they will be less relevant at 
low energies than the single particle process. The em- 
phasis of this paper are possible experimental signatures 
of the competition between weak multi particle processes 
and the stronger, but tunable, single particle process. In 
principle, the electron-electron interaction parameter is 
also tunable, although to a lesser extent. 

In this work we will focus on the two lowest dimen- 
sion multi particle scattering terms, each of which gives 
the dominant contribution to the backscattering at the 
appropriate range of the electron-electron interactions in 
the helical liquid. One is an inelastic scattering term, 
characterized by the coefficient g; (Fig. lb), in which, 
for example, a left moving particle is scattered into a 



right moving particle, and excites a particle hole excita- 
tion on the right branch. This operator represents several 
processes of this type, but in all of them a single unit of 
charge is backscattered and hence the scattering charge 
is e. The microscopic origin of this scattering term, in 
the weakly interaction case, was elucidated in a recent 
article by T. L. Schmidt et al. 6 . 

The other process involves two particle scattering 7 , 
characterized by the coefficient g2 P (Fig. lc), where two 
left moving particles are scattered into two right moving 
particles (or the other way around). Since two particles 
are backscattered, the scattering charge is 2e. 






(a) single particle, (b) inelastic, g; e (c) two particle, g2 p 
9b 

FIG. 1: The scattering processes, on a diagram of the energy 
of the particles as a function of their momentum. In the single 
particle scattering, a left moving particle is scattered to a right 
moving particle with the same energy. The single particle 
process gives the strongest scattering, but allowed only in 
the presence of a magnetic field, which breaks time reversal 
symmetry. In the inelastic scattering , a left moving particle 
is scattered to a right moving particle of lower energy, and 
excites a particle-hole excitation on the right branch. In the 
two particle scattering, two left moving particles are scattered 
to two right moving particles, one with lower energy and the 
other with a higher energy. We see that both these scattering 
processes require more than one particle to conserve energy. 
These processes are allowed even without a magnetic field, 
but require electron-electron interaction. The strength of this 
interaction in the helical liquid determines which of the two 
is dominant. 
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The strength of those scattering processes depends on 
the IR energy scale, E, which is the bigger of the volt- 
age and temperature. Looking at the derivative of the 
backscattering current with respect to the voltage bias, 
we find that 



dl 

dv * Cb9bE 



2K-2 , n „ P 2K+2 , „ 2 p8K-2 /-i \ 



where K is the Luttinger parameter, which is a measure 
of the electron-electron interaction strength, and the c's 
are numerical coefficients that would be calculated later. 
The non interacting case corresponds to K = 1, and 
K becomes smaller with increasing repulsive interaction, 
which is the case we focus on. The energy dependence 
is determined by the dimension of the operator - an op- 
erator of dimension A would contribute E 2A to Eq. (1), 
in first order perturbation theory. Relevant operators, in 
the renormalization group (RG) sense, localized at the 
impurity, have A < 1. In this case they become stronger, 
and induce a larger backscattered current at low energy. 
If A > 1, the power is larger than zero, and the backscat- 
tering is called irrelevant. We see that the two particle 
scattering becomes relevant at very strong interactions 
K < j, while the inelastic scattering is always irrelevant. 
We will work with electron-electron interactions in the 
range j < K < 1, such that both the inelastic and two 
particle scattering are irrelevant. 

In the absence of a magnetic field, the inelastic scatter- 
ing term is dominant for weak electron-electron interac- 
tions K > | , i. e. it has a lower dimension and hence it is 
stronger at low energy. For stronger interactions K < | 
the two particle scattering is the dominant one. The sin- 
gle particle scattering term is always relevant, while the 
two other terms are irrelevant, and so it is always domi- 
nant at low energy scales. However, since its coefficient 
is proportional to the tunable external magnetic field, we 
can make it arbitrarily small, at a scale set by the voltage 
or temperature. 

In this work, we consider the importance of each of the 
above scattering terms on the backscattering from a sin- 
gle, non magnetic, impurity. We apply a voltage bias on 
a helical liquid, to produce a current, and insert an im- 
purity at x = 0. We examine the backscattered current, 
noise and charge, as we change the energy scale, and how 
this behavior depends on the strength of electron-electron 
interactions, the magnetic field and the temperature. We 
find that at weak interaction, which is the case that has 
been realized in HgTe/(Hg,Cd)Te experiments, the scat- 
tering charge is e. For strong interaction, we find that the 
scattering charge can vary between e and 2e, depending 
on the rest of the parameters. These results are summa- 
rized in Fig. 7 and Fig. 8. We also see that a magnetic 
field greatly enhances the backscattered current. 

The outline of the paper is the following. In section II 
we describe the model and the allowed operators for an 
arbitrary electron-electron interaction strength. We find 
the allowed operators, and show that they arc indeed the 
lowest dimension ones, using the bososnic language to 



identify the quantum numbers scattering operators un- 
der time reversal (TR). In section III (and in the supple- 
mental material) we compute the current and shot noise, 
using the structure of the relevant conformal families 8,9 , 
and the Keldysh formalism 10-12 . We work in the limit 
where the applied voltage bias is much larger than the 
temperature, and so the main contribution to the noise 
would be the shot noise and not the thermal noise. We 
do not include the constant thermal noise arising from 
the ID mode, which exists in the absence of scattering. 
We then find the effective scattered charge from the rela- 
tion between the current and the shot noise. Section IV 
contains a representative sample of the behavior of the 
backscattered current, noise and charge. 



II. MODEL 
A. Fermionic representation 

In this subsection we will present the model in terms 
of fermions, before proceeding to its bosonic justification 
in subsection II B. 

The free Hamiltonian, in the absence of scattering 

.13 



terms, is 
Hfrcc = / da; 



\"t (pR 



PlY 



(2) 



where is the single particle creation operator for a 

fcrmion moving left (right), and the density operator is 
Pr(l) = The transformation of these fields 

under time reversal is 5 



i'L -> IpR , ?pR 



-IpL- 



(3) 



After adding the impurity scattering, as we will argue 
in subsection II B. our Hamiltonian is 



it ^frcc ~\~ ^inelastic ~t~ '^2— particle "t" n. s i n gl e 

where 

"^inelastic = flie (dlp{lpL ~ i' R BtpR^j Ip^lpR + h.C. (5a) 
^-particle = hl^Ld^L^R^R + hx - ( 5b ) 

^single = gB(B)i'ltpR + h.c. . (5c) 

We emphasize that in the absence of a magnetic field, 
only the first two terms remain, i.e. <?b(-B = 0) = 0. 
We use the derivatives d = d x + ^d t and 8 = d x — ^d t , 
where u is the rcnormalized velocity defined in Eq. (10a). 
These transform under TR as 



(4) 



d ->• d , d ->• d. 



(0) 
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Using the TR transformation properties, we sec that the 
above terms are time reversal even, provided that gg is 
an odd function of B. 

It is convenient to work with dimensionlcss parameters, 
and so we will define 



,92 P = 32 P — (2tt) a 
a 

tlU n 

g-w = Sic — 2na' 
a 

B hu 

9b = .9b -5 2?ra. 

B a 



(7a) 
(7b) 
(7c) 



We work with a weak magnetic field -B, and so in the 
last expression we focused on the leading, linear, term 
in it. Bq is a normalization parameter, which we will 
take in our calculations to be Bo = 0.1T. This is the 
strongest magnetic field we will look at, and we chose 
this Bq following the experiment by Konig et al. 5 . 

In order to show that these are the most dominant 
scattering terms that satisfy the necessary symmetries, 
for arbitrary K, we will move to the bosonic representa- 
tion of the system. 



B. Bosonic representation 

The effects of 7 can be handled in the Luttinger liquid 
approach, which will allow us to follow the operators (5a- 
5c) for any 7. We will follow Giamarchi's bosonization 
scheme 14 



-i(r<f>(x)-0(x)) 



(8) 



where r is + for R and — for L. The bosonized Hamil- 
tonian is 



H 



free 



dx — 
2tt 



i (a^) 2 + k (d x ef 

A 



where 



u = \l vj + w/7 



K 



Vf + 7 



(9) 

(10a) 
(10b) 



After adding the impurity scattering, our Hamiltonian 
Eq. (4) contains 



H 



inelastic 



1) II 

a 



H 



2— particle 



g ic a 2 (816) e 2 ^(0) + h.c. (11a) 

(lib) 



-g 2p e^ + h.c 
a 



h u 



-gse 



2i*(0) + h 



(11c) 



We will now show why these are the lowest dimension 
allowed scattering terms, up to total derivatives with re- 
spect to time. For this purpose, we will use conformal 
field theory formalism, which greatly simplifies the cal- 
culations. 

In order to justify that these are the possible scattering 
terms and deal with them, it is more convenient to switch 
to the chiral description 



PR 



in which 



(12) 



(13) 



From a conformal field theory point of view, quantum 
numbers under TR are assigned to the primaries of the 
conformal representation. TR quantum numbers of the 
descendants are then fixed. Since the TR transformation 
is discrete, it cannot change continuously, and so it re- 
mains the same as K varies. Therefore, we can use the 
fcrmion representation to determine the TR transforma- 
tion of the bosonic operators for arbitrary K . From Eq. 
(3), we have the TR transformation 

e vpi._t e iVR > e iV* _ e i<Pi. , ( 14 ) 

More generally, consider the uncharged primary op- 
erators, which are e~ tpVL e lpVR . We will only look at 
p = 1,2, as higher values of p correspond to terms of 
a higher dimension than we are interested in. The TR 
transformation of the primary with p=l, which is the 
single particle scattering term is 



ce -iVL e i<p R + hc = ap].ip R + c*^ R tjj L 

= -c (e- iVL e iVR + h.c.) , 



(15) 



where c is some arbitrary coefficient. We see here that 
this term is odd under TR, and so it can only appear if 
we break time reversal symmetry. The TR transforma- 
tion of the primary with p=2, which is the two particle 
scattering term is 

ce -2i V L e 2i VR + hc 

+ c* (B^ R ip R - ip R dijj R ) (dip L ip L - ipLdip L ) 



+ c (dip{ipl - 4'[di'lj (BipRipR - ip R dip R ) 

= ce~ 2lipL e 2lVR + h.c. . (16) 

We switch to the fermion representation here using Eq. 
(13), with the standard substitution of ijj r dijj r instead of 
the composite operator of ?/vVv- We see here that this 
term is time reversal even and so it is a possible scattering 
term. 
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Even though the p — 1 operator is odd under TR, some 
of its descendants would be TR even and may appear, 
even without a magnetic field. Our goal is to find the 
lowest dimension descendants that may appear. In order 
to get the descendants we act with lowering operators on 
the primaries. Lowering and raising operators are defined 



Or, moving back to the non-chiral form 

c (L_ 2 - £-2) e - lVL e lVR + h.c. . oc c (die) e 2 ^ + h.c. 

(24) 

We can also go back to the fermion representation 



(17) 



and a similar definition for the right moving sector 16 . T 
is the holomorphic part of the energy-momentum tensor, 
and in the right sector we have T, the anti holomorphic 
part. By holomorphic (anti holomorphic), we mean the 
part that depends on z — x + ut (z = x — ut). 

The lowering operators are L n with n < 0. These 
operators transform under TR as L„ — > L„. Therefore, 
the level one (with dimension only raised by one) time 
reversal even term is 



c (L_i - L-i) c 



-lip R lip L 



(18) 



This term is even under TR since — — » — L-i 



and e -^L e i VR 



-VPRplfL 



However, this term is a 



total derivative with respect to time, and can therefore 
be neglected. When L_i (-£-1) acts on a primary 8 , it 
acts as d (<9) . Therefore, we can see that 



(dl<p L + d 2 <p R ) e - iVL e itpR + h.c 



+ h.c. 



(25) 



Thus, we have found all the possible scattering terms 
which arc not of a higher dimension than 4 in the non 
interacting point, and we find the Hamiltonian in Eq. 
(11). 

The time reversal transformation properties of the op- 
erators we examine are summerized in table I. 



Operator 


After time reversal 




-c*e iVR e~ iiPL 






cL- 1 e iVL e- i ' PR 


-c*L- 1 e i ' f ' R e~ i ' PL 




-c*L 2 _ 1 e itpR e~ itpL 


cL- 2 e iVL e' iVR 





TABLE I: Transformation properties of operators under time 
reversal. The transformation of the primary operators is 
shown in Eq. (15) and Eq. (16). The transformation of the 
descendants is due to the transformation property L n — > L n 



L_i — L_i = d — d = —d t 



(19) 



At level two we can have the following TR invariant 
operator 

c (L\ - L\) e r tVL e lVR + c* (L\ - L 2 ^) e - %VR e ltpL . 

(20) 

However, notice that 

L\ L 2 _ x 



-d x d t , 



(21) 



and so this term is also a total derivative with respect to 
time, and can also be neglected. The operator L_iZ_i 
is even under TR, and so it would not give us a time 
reversal even descendant of the p = 1 primary. Finally, 
the last time reversal even term at level two is 



\L—i — L_5 



[L-i 



Ln 



-lipRglipL 

(22) 

In appendix A, we explain that this term is not a total 
derivative with respect to time, and therefore it is the 
scattering term we wish to add. We also show that up to 
a total derivative with respect to time 



c(L_ 



L- 2 ) 



h.c. 



oc c (dl<p L + d 2 x y R ) e-^e*** + h.c. 



(23) 



In the bosonized form it is easy to deduce the dimen- 
sion of the terms. Both forms of the scattering terms, 
their dimension, and the temperature dependence of the 
conductance they would give, arc in table II. 

We see that the inelastic scattering term is irrelevant 
for all K, and the two particle scattering term is irrele- 
vant for K > j. Therefore, for K > A, and in the absence 
of a magnetic field, both scattering terms are irrelevant. 
The single particle scattering term is relevant for K < 1. 
We will examine systems where \ < K < 1. We also see 
that the inelastic scattering term is more dominant than 
the two particle scattering term for K > |. The Lut- 
tinger parameter ranges for the importance of the multi 
particle scattering terms is summarized in figure 2 

Single particle always relevant, but 
only exists in the presence of magnetic field 



Two particle 1 


Two particle 




Inelastic 




relevant ' 
1/4 


dominant 


2/3 


dominant 





FIG. 2: For K > |, the dimension of the inelastic scattering 
term is lower than that of the two particle scattering term, 
and so it is dominant. When K < |, the dimension of the 



two particle term becomes lower, and so it gains dominance. 
However, as long as K > |, which is the parameter range 
we work in, both are irrelevant in the RG sense. At K < j, 
the two particle scattering term becomes relevant, while the 
inelastic scattering term always remains irrelevant 
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Fermionic 


Chiral Bosonic 


Non Chiral Bosonic 


A 


Conductance 
voltage bias 
dependence 


Inelastic 


g ic {dii\ii L - 8ip R ipR^ ip{ipR + h.c. 


ffie (dl<p L + B£(pn) e-^e^x + h.c 


g ic {die) e 2 ^ + h.c. 


A + 2 


y2K+2 


Two 
particle 


g 2p tpld^lilj R dip R + h.c. 


g 2p e- 2i{pL e 2iVR + h.c. 


ff 2p e 4 ^ + h.c. 


4A 


ySK-2 


Single 
particle 


9Bip L ipR + h.c. 


gne- itpL e iVR + h.c. 


gve 2 ^ + h.c. 


A 


y2K-2 



TABLE II: Scattering terms and their dimension. We find the dimension from the bosonic representation, using that the 
dimension of an operator of the form 9 e IQ "^ is ^j-A, and a derivative adds 1 to the dimension. The voltage bias V dependence of 
the conductance is 2A — 2, where A is the dimension of the operator. This is for the case where the voltage bias is the relevant 
energy scale. We can easily see the dimension for A = 1 from the fermion representation, as in that case the dimension of each 
fermion creation or destruction operator is | 



Finally, we need to add the voltage bias to our Hamilto- 
nian. We add the voltage bias by multiplying the scatter- 
ing couplings by e - "^* , where e* is the effective charge 
of the scattering, and V is the voltage bias 15 . The com- 
plete Hamiltonian is then obtained from Eq. (4) and Eq. 
(11) by the simple replacement <p — > 



ieVt 

2h 



III. CALCULATIONS 

The backscattcring current in our system would be the 
change in the number of right moving particles multiplied 
by their charge 



dN R 

^[Nr,U]. 
in 



(26) 



Therefore, we first need to write the particle number op- 
erator 



(27) 



N R = I dxp R (x) 

dxip R {x)ip R {x) 



2tt 



dx (d x (j) — d x t 



Using this, we get the backscattering current operator 



ieu f / 
- { 2 *> ( 



e h e — e n e 



c a 2 (e^ {die) 



e- 2l f - e 



9B 



B ( ieVt 



(28) 



Using the Kcldysh formalism 10 12 , the average backscat- 
tered current is 15 



ij=± 



(29) 



where TV is the Keldysh ordering operator, t + (~^ is time 
t on the upper (lower) branch of the Keldysh contour, and 
the integral is over the Keldysh contour. The zeroth or- 
der term vanishes, and so we will work in first order per- 
turbation theory. We then need several correlation func- 
tions. There will be no term mixing the two particle scat- 
tering with the single and inelastic scatterings, as they 
have a different charge. In our calculation in the sup- 
plemental material we also show that a correlator mixing 
the inelastic scattering and single particle scattering term 
is zero as well. This makes sense, as the single particle 
scattering term has a linear dependence on the magnetic 
field, and so such a mixed term would also have a linear 
dependence on the magnetic field, which would contra- 
dict the Onsager relations, according to which the two 
terminal conductance is an even function of B. There- 
fore, we need three correlators, one for each of the three 
scattering terms with itself. We calculate these, using 
a conformal transformation to the plane, in the supple- 
mental material, and eventually get 17 



(I b {t)) ~/ 62p +I bie +I bB 



(30) 



where 



6 



and 



4eu 



ff2 2 p sinh(eV/3) 



2ira 

u(3h 



SK-l 



r Uk + 



2eu 2 , feV/3\ ( 2na 
— fesmh(_ j (_ 



2A'+3 



r(8A) 

(1 + 22A) 



A + l 



(2K + 3)(2A + 2) 



2 



r(2A + 2) 



(31a) 
(31b) 



2eu ( B\ , /e^/A / 2™ 



2i?-l 



r ( if 



T{2K) 



(31c) 



The very low temperature limit of the current is 
4e o / a \8A'-2 i 



4e 2 /ay 



r{8K) 



\2eV\ 



8K-1 



2e 



-9i C 



a \ 2K+2 1 + 22 A 



>uhJ r(2A + 4) 



\eV\ 



2K+3 



and 



2e 



B 



a \2K-2 i 



\uh) 



\eV\ 



2K-1 



(32a) 
(32b) 

(32c) 



r(2A) 1 

The noise is also defined using the Keldysh formalism 15 

/ - T / \ -if dtiW(ti)" 

5(t,o = E( T ^ iuni b (t'- n )e « 



(33) 



We will be interested in the zero frequency noise 

/oo 
dtS(t,0). (34) 
-oo 

This time, the zeroth order term does not vanish, and 
so we can work to that order. We calculate the zero 
frequency noise in a similar way to the average backscat- 
tered current, in the supplementary material, and find 



S(w = 0) = 2e |/ b2p coth (eVp) + I bie coth (^^j 



(35) 



A„ coth 



eV(3 



From the backscattered current and noise we can fi- 
nally find the effective scattered charge by 



2el' 



(36) 
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FIG. 3: Dependence of the backscattered current I on the 
voltage bias V , without magnetic field. We vary V, and use 
the parameters K = 0.98, u = 5.5 • 10 5 ^, a = 10~ 7 m, g 2p = 
1. We choose here to depict different values of gi a , rather 
than g2 P , as for this Luttinger parameter it is the inelastic 
scattering which dominates the current. 



IV. RESULTS 

In the experimental setup that we envision, there are 
3 control parameters. Two of them are the voltage and 
temperature which influence the entire edge, and the 
third is a magnetic field which influences mainly the im- 
purity properties. We work at an energy scale lower than 
the scale associated with the impurity, which we take to 
be — . This allows us to treat the impurity using the 
effective low energy theory. 

Of the two time reversal even scattering terms, only 
one dominates the influence of the impurity at low ener- 
gies, depending on the Luttinger parameter. At A > |, 
the inelastic scattering term, as in Eq. (11a), is the dom- 
inant one, and at \ < K < | it is the two particle 
scattering term, as in Eq. (lib). Both terms induce a 
backscattering current, each with a different scattering 
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12 3 4 

V[mV] 



FIG. 4: Dependence of the backscattered current I on the 
voltage bias V, in the presence of a magnetic field B. We vary 
V, and use the parameters <?b = 0.02, Bo = 0.1T, K — 0.98, 
u = 5.5 • 10 5 ^, a = 10~ 7 m, g 2p = 1, 3ic = 1. We see that 
the system is very sensitive to magnetic field, as the voltage 
dependence of the current is significantly modified. We also 
see that the main difference is at low voltage bias, where the 
single particle scattering term is more significant. 

charge - e for the inelastic scattering, and 2e for the two 
particle scattering. At zero magnetic field, the main re- 
sult is the change in the effective scattering charge for 
different Luttinger parameters. 
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FIG. 5: Dependence of the noise S on the voltage bias V, 
without magnetic field. We vary V, and use the parameters 
K = 0.98, u = 5.5-10 5 f , a = 10~ 7 m, g 2p = I. Comparing to 
Fig. 3, we see that the noise indeed seems to be proportional 
to the current 

When we turn on a magnetic field, the single particle 
scattering term, as in Eq. (11c), is induced. This scatter- 
ing term is a relevant operator for all K < 1, and so it is 




12 3 4 
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FIG. 6: Dependence of the noise S on the voltage bias V, in 
the presence of a magnetic field B. We vary V, and use the 
parameters g B = 0.02, B = 0.1T, K = 0.98, u = 5.5 • 10 5 f , 
a = 10 _7 m, (?2 P = 1, ffie = 1. Similarly to Fig. 4, we see that 
the application of a magnetic field has a significant effect, 
especially at low voltage bias. 



the dominant scattering term at low energies. This scat- 
tering term gives a backscattered current, which is much 
stronger, at low energies, than the current due to the pre- 
vious scattering terms. However, the scattering term is 
proportional to the magnetic field, and so we can control 
its strength. The scattering charge of this current is also 
e. As we change the voltage bias, the effective charge 
can vary between e and 2e, depending on the rest of the 
parameters, which are K, T, g- ie , g 2p , g^, B, Bq, u and 
a. 

This situation is depicted in the figures below. The 
figures contain two cases - the first is K = 0.98 and 
the second is K = 0.6. The first value of K is motived 
by the experimental results of Konig et al. . This arti- 
cle also motivated the choice of the rest of the param- 
eters - we chose their order of magnitude so the results 
roughly agree with the experimental results (this proce- 
dure should be taken with a grain of salt as it is possible 
that more than one impurity exists there). The case of 
K = 0.6 has not been realized in an experiment so for, 
and so, for this case we maintained the rest of the pa- 
rameters as those of the higher K case. The parameters 
are therefore g- lc = 1 or g lc — 0.5, g 2p = 1, 5b = 0.02, 
B = 0.1T or B = 0.05T, B = 0.1T, u = 5.5 ■ 10 5 f and 
a = 10 m. Since the single particle scattering term is 
relevant, we must make sure the energy scale we work at 
is not so low that this scattering becomes too strong. 
When the energy scale is determined by the voltage, 
with g B = 0.02 and -J^ = 1, we require V > 10~ 57 mV 
for K = 0.98, which is a ridiculously small bound, and 
V > 0.0 AmV for K = 0.6. If the temperature is the rel- 
evant energy scale, we need T > 10~ 44 K for K = 0.98, 
and T > 0.62K for K = 0.6. Since we also have irrele- 
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FIG. 7: Dependence of the effective scattered charge e* = 
2§y on the voltage bias V, without a magnetic field. Wc 
vary V, and use the parameters u = 5.5 • 10 s — , T ~ lOmK, 
a — 10 _7 m, p2 P = 1, <?io = 1. We begin this graph at V = 
0.05ml/, as we need to be in the parameter range where the 
voltage is much larger than the temperature, so that the main 
contribution to the noise is the shot noise, and not the thermal 
noise associated with the backscattering. We find that for 
weak electron-electron interactions, where K is close to 1, 
the inelastic scattering term is dominant at low energies and 
so the scattering charge is e. At strong interactions, where 
K < | , the two particle scattering term dominates and so the 
scattering charge is close to 2e. This is because the inelastic 
scattering term scales with the energy scale as 2K + 2, while 
the two particle scattering term scales as 8K — 2, see table II. 



vant operators, we need to also make sure we do not go 
to an energy scale which is too high. For g2 P = g lc = 1, 
we need V < lO.bmV or T < 66K for K = 0.98, and 
V < 4,.3mV or T < 54K for K = 0.6. 

We start by looking at the dependence of the backscat- 
tered current on the voltage bias. Fig. 3 is for a system 
without a magnetic field, and Fig. 4 is for a system in 
the presence of a magnetic field. We see that even a 
weak magnetic field has a very significant effect on the 
backscattered current. A similar effect, of course, ap- 
pears in the noise, depicted in Fig. 5 and Fig. 6. 

The effective scattered charge as a function of the volt- 
age bias, for different Luttingcr parameters, is depicted 
in figure 7 for a system without a magnetic field. We see 
that for K > §, the inelastic scattering term dominates 
at low energies, and so the effective scattering charge is 
close to e. For | < K < |, the two particle scatter- 
ing term dominates, and pushes the effective scattering 
charge close to 2e. 

Figure 8 depicts the effective charge as a function of 
the voltage bias, for different Luttinger parameters and 
magnetic field strength. We see that for either value of 
K, the single particle scattering term is the dominant one 
at very low energies, and so at very weak voltage bias, the 
effective scattering charge is close to e. At K > |, the 



FIG. 8: Dependence of the effective scattered charge on the 
voltage bias, in the presence of a magnetic field. We vary V, 
and use the parameters g B = 0.02, u = 5.5 -lO 5 ^, T ~ lOmK, 
a — 10~ 7 m, <72 P = 1, <7io = 1. We see that for weak electron- 
electron interactions K = 0.98, where the inelastic scatter- 
ing dominates over the two particle scattering, the effective 
scattering charge remains e. For this case, we do not de- 
pict different magnetic field strengths in this there 
is no significant difference. For strong interactions K — 0.6, 
where the two particle scattering dominates over the inelastic 
scattering, the charge is e at low voltage bias, but increases 
toward 2e as the voltage is increased. This is because the two 
particle scattering term scales as 8K — 2 with the voltage, 
enhancing its effect at higher voltage, while the single parti- 
cle scattering term scales as 2K — 2, decreasing its effect at 
higher voltage. We see that for a weaker magnetic field, the 
increase in the scattering charge is at a weaker voltage, and 
the ascent is more rapid 

next to dominant term is the inelastic scattering term, 
and so the effective scattering charge remains close to e 
as we increase the voltage bias. For | < K < |, however, 
the two particle scattering term is the next to dominant 
term, and so increasing the voltage bias increases the 
effective scattering charge, taking it closer to 2e. 

V. SUMMARY 

In this work we examined the scattering from a single, 
non magnetic impurity, in a helical liquid. We discussed 
in detail the shot noise and the backscattered current due 
to the impurity. We discussed the importance of the in- 
clastic, two particle and the single particle (which exists 
only after the application of a magnetic field) scatter- 
ing processes in different regions of the parameters. The 
effective charge can approach 2e in certain situations, de- 
pending on the bias voltage V and the Luttinger liquid 
interaction parameter K, see Fig. 7 and Fig. 8. 

We see that even though the single particle scattering 
term (discussed in Eq. (11c)) is the only relevant oper- 
ator, the inelastic and two particle scattering terms are 



9 



important, as the single particle scattering term vanishes 
at zero magnetic field and can be tuned by it. Of the two 
multi particle scattering terms, the inelastic scattering 
(discussed in Eq. (11a)) is dominant at weak electron- 
electron interaction K > 5, and the two particle scat- 
tering (discussed in Eq. (lib)) is dominant at strong 
interaction K < |. We examine the effective scattering 
charge from the impurity, and see that in the absence of 
a magnetic field it is e for K — 0.98, which is the case 
for HgTe/(Hg,Cd)Te quantum wells, and close to 2e for 
K = 0.6. This is expected, as the inelastic scattering 
term has a scattering charge of e, and the two particle 
scattering term has a scattering charge of 2e. In cither 
case, at low energies, adding a magnetic field has a signif- 
icant effect on the behavior of the backscattered current. 

Applying a magnetic field gives a scattering charge of 
e at low voltage bias for both interaction strengths, as it 
dominates at low energies. In the K = 0.6 case, there is 
a range of voltage bias where the two particle scattering 
term is dominant, and so the effective scattering charge 
approaches 2e. 
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Appendix A: Descendant operators in derivative 
form 



The descendant operators of e~ v ~ PL e l ' PR can also be 
expressed as polynomials of derivatives of ifL and ifR 
multiplying the primary. The TR transformation of the 
derivatives is 



0V 



-8 

-8 2 <p R 



(Al) 



(dipi 



= —iip' L dipL + idi/j L tpL 
itp R dipR - idi) R ip R 
= (Bip R ) 2 , 



(A2) 



and so there are two time reversal even operators 

(d 2 ip L + aVfl) e~ i<PL e VR + h.c. (A3a) 



(dip L f - (dtp R ) 



+ h.c. 



(A3b) 



We can see that each of these terms on its own is not 
a total derivative with respect to time. However, there is 
a combination of them which is 

d t d x e-^e^ = -id t (d x <p L - d x <p R ) e-^jv* 
= -idtidtpL + dt^e-^e^ 

-i (%<p L + d 2 ip R ) 



(d t tp L ) - (d t <p R )' 



(A4) 



and so these terms are equivalent up to a total derivative 
with respect to time. 

Now we want to see how this connects with the lower- 
ing operator representation. In this dimension, we only 
have two such operators 



aiL^-LlJe-^t 
and a [L—2 ~ £-2) 



(A5) 



-lipL %<PB 



+ h.c. 



As we saw, the first is a total derivative with respect to 
time, and so the second must not be a total derivative 
with respect to time. Since these are the only operators, 
it must be equivalent to the term we found using the 
derivative representation. 
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